We show a connection formula between two different q-Airy functions. One is called the Ramanujan function which appears in Ramanujan's "Lost notebook". Another one is called the q-Airy function that obtained in the study of the second q-Painlevé equation. We use the q-Borel transformation and the q-Laplace transformation following C. Zhang to obtain the connection formula.
Introduction
In the study of the q-analysis, it is known that there exist several different qspecial functions corresponding to a special function defined by a differential equation. For example, three types of q-Bessel functions are known. We denote them J (1) ν (x; q), J (2) ν (x; q) and J (3) ν (x; q) due to Ismail [6] . The first and the second one are called Jackson's first and second q-Bessel function and the third one is called the Hahn-Exton q-Bessel function. Similarly, two types of q-Airy functions are known. We denote them A q (x) and Ai q (x). The first one is called the Ramanujan function and the second one is called the q-Airy function. 
ν (x; q) :=
The Ramanujan function and the q-Airy function are defined by
Here, (a; q) n and (a; q) ∞ are the q-Pochhammer symbol defined in section two. According to [1] , the Ramanujan function A q (x) appears in the third identity on p.57 of Ramanujan's "Lost notebook" [9] as follows (with x replaced by q):
, y 2 = 0,
Ismail has pointed out that the Ramanujan function is a q-analogue of the Airy function [6] . We show more detail about these functions in section three.
It is known that there exist a relation for the q-Bessel functions and the q-Airy function. One is a relation between Jackson's first and second q-Bessel function [4] :
Another is a relation between the Hahn-Exton q-Bessel function and the q-Airy function [8] :
where q ν = −1. Other relations are not known. The main result in this paper is a relation between two q-Airy functions. It is not known any relation between the Ramanujan function and the q-Airy function, but these two functions are related by a connection formula and not by algebraic relation like (1) or (2) .
Connection problems of linear q-difference equations between the origin and the infinity are studied by G. D. Birkhoff [2] . Watson gave a connection formula for the basic hypergeometric equation 2 ϕ 1 in 1910 [11] :
Recently, C. Zhang has given some connection formulae of q-difference equations of the confluent type [12] , [13] and [14] . Zhang gives a connection formula of Jackson's q-Bessel function J (1) ν (x; q) [14] . In [14] , Zhang introduced the q-Borel transformation and the q-Laplace transformation which are useful to study connection problems. In section four, we apply Zhang's method to the q-Airy functions.
The connection formula of the q-Airy function gives a relation between the Ramanujan function and the q-Airy function as follows:
Since our new relation shows an asymptotic behavior of the Ramanujan function near the infinity, it may be useful to study the Ramanujan function or similar type q-series.
Standard notations
In this section, we fix our notations. We assume that q ∈ C * satisfies 0 < |q| < 1. We define the q-Pochhammer symbol (a; q) n .
Definition 1 For any
and
Moreover,
The q-difference operator σ q is given by σ q f (x) = f (qx). The basic hypergeometric series r ϕ s is defined as follows.
Definition 2 The basic hypergeometric series is given by
We define the theta function of Jacobi. We denote by θ q (x) or more shortly θ(x). The theta function of Jacobi is given by following series;
The theta function has some important properties. The following lemma is called Jacobi's triple product identity.
Lemma 1 For any x ∈ C * , we have
The theta function satisfies the following q-difference relation.
From lemma2 , we remark that the function θ(−λx)/θ(λx), ∀λ ∈ C * satisfies a q-difference equation
which is also satisfied by the function u(x) = e πi( log x log q ) . From the definition, the theta function has the following inversion formula.
Lemma 3
For any x ∈ C * , one gets
3 Two types of the q-analogue of the Airy function
There are two different q-analogue of the Airy function. One is called the Ramanujan function which appears in [9] . Ismail [6] pointed out that the Ramanujan function can be considered as a q-analogue of the Airy function. The other one is called the q-Airy function which is obtained by K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [7] . In this section, we see the properties of these functions. We explain the reason why they are called q-analogue of the Airy function and we show q-difference equations which they satisfy.
The Ramanujan function A q (x)
The Ramanujan function appears in Ramanujan's "Lost notebook" [9] . Ismail has pointed out that the Ramanujan function can be considered as a q-analogue of the Airy function. The Ramanujan function is defined by following convergent series;
In the theory of ordinary differencial equations, the term PlancherelRotach asymptotics refers to asymptotics around the largest and smallest zeros. With x = √ 2n + 1 − 2 
In [6] , Ismail shows the q-analogue of (3);
where e ξn = tq
Here, h n (·|q) is the q-Hermite polynomial. In this sense, we can deal with the Ramanujan function A q (x) as a q-analogue of the Airy function. The Ramanujan function satisfies the following q-diference equation;
Remark 1 We remark that another solution of the equation (4) is given by
Here,
n is a divergent series.
The q-Airy function Ai q (x)
The q-Airy function is found by K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [7] , in their study of the q-Painlevé equations. This function is the special solution of the second q-Painlevé equations and given by the following series
T. Hamamoto, K. Kajiwara, N. S. Witte [5] proved following asymptotic expansions;
Ai se
for s in any compact domain of C.
Here, Ai(·) is the Airy function. From this proposition, we can regard the q-Airy function as a q-analogue of the Airy function.
We can easily check out that the q-Airy function satisfies the second order linear q-difference equation
Another solution of the equation (5) is given by
Shearing transformations
We define a shearing transformation of a second order linear q-difference equation.
Definition 4 For a q-difference equation
we define the shearing transformation as follows
The shearing transform of the equation (6) is given by
By the shearing transformation, the equation
where K is a fixed constant in C * .
The q-Airy equation around the infinity
We consider the behavior of the equation (5) around the infinity. We set x = 1/t and z(t) = u(1/t). Then z(t) satisfies
We set E(t) = 1/θ(−q 2 t) and f (t) = n≥0 a n t n , a 0 = 1. We assume that z(t) can be described as
The function E(t) has the following property;
From this lemma, f (t) satisfies the following equation
Since (8) is the same as (7) for K = −q 5 , we obtain
4 The q-Borel transformation, the q-Laplace transformation and the connection formula
In this section, we show a connection formula for f (t). In order to obtain a connection formula, we need the q-Borel transformation and the q-Laplace transformation following Zhang [13] .
The q-Borel transformation and the q-Laplace transformation
Definition 5 For f (t) = n≥0 a n t n , the q-Borel transformation is defined by
and the q-Laplace transformation is given by (L q g) (t) := 1 2πi |τ |=r g(τ )θ t τ dτ τ , 0 < r < 1 |q 2 | .
The q-Borel transformation can be considered as a formal inverse of the qLaplace transformation.
Lemma 5 For any entire function f ,
Proof We can prove this lemma calculating residues of the q-Laplace transformation around the origin. Combining with lemma3, we get a connection formula for z(t) = E(t)f (t). Finally, we acquire the following connection formula between the Ramanujan function and the q-Airy function.
Theorem For any x ∈ C * , A q 2 − q 3 x 2 = 1 (q, −1; q) ∞ θ x q Ai q (−x) + θ − x q Ai q (x) .
Here, both A q (x) and Ai q (x) are defined by convergent series on whole of the complex plain. The connection formula above is valid for any x ∈ C * .
